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Abstract
Let D> 2 be a positive integer, and let p be an odd prime not dividing D. In this paper, using
the deep result of Bilu, Hanrot and Voutier (i.e., the existence of primitive prime factors of
Lucas and Lehmer sequences), by computing Jacobi’s symbols and using elementary arguments,
we prove that: if (D, p) = (4, 5), (2, 5), then the diophantine equation x2 + Dm = pn has at
most two positive integer solutions (x,m, n). Moreover, both x2 + 4m = 5n and x2 + 2m = 5n
have exactly three positive integer solutions (x,m, n).
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let D1 and D2 be coprime positive integers, D = D1D2, and let k2 be an integer
coprime with D. Let  ∈ {1, 21/2, 2}, with  = 2 if k is even. Diophantine equations
of the type
D1x
2 +D2 = 2kn (1)
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in positive integers x and n, have been considered by several authors. Thanks to a new
theorem of Bilu et al. [3], Bugeaud and Shorey [5] determined all triples (D1,D2, k),
where k is a prime, for which Eq. (1) has more than one solutions. Recently, Bugeaud
et al. [6] used their lower bound for linear forms in three logarithms, together with
a combination of elementary, classical and substantially improved modular methods to
solve completely the Lebesgue–Nagell equation
x2 +D = yn, x, y integers, n3
for D in the range of 1D100.
In this paper, we consider the equation
x2 +Dm = pn (2)
in positive integers x,m and n, where D is a positive integer and p is an odd prime
not dividing D. In the special case where m = 1, Apéry [1,2] proved that Eq. (2) has
at most two solutions (x,m, n) with m = 1. By the result of Bilu et al. [3], Bugeaud
[4] improved upon Le’s result [8] by proving
Theorem 1.1. Let D > 2 be an integer and let p be an odd prime not dividing D. If
there exists a positive integer a with D = 3a2 + 1 and p = 4a2 + 1, then Eq. (2) has
at most three solutions (x,m, n), namely
(a, 1, 1), (8a3 + 3a, 1, 3), (x3,m3, n3)
with m3 even (if the third solution exists). Otherwise, Eq. (2) has at most two solutions.
If the two solutions are (x1,m1, n1) and (x2,m2, n2), then m1 /≡ m2 (mod 2).
The main purpose of the present paper is to completely solve the diophantine equation
x2 + (3a2 + 1)m = (4a2 + 1)n (3)
with positive integers x,m and n, where p = 4a2 + 1 is a prime. For any integer
a > 0, Eq. (3) has two obvious solutions (x,m, n) = (a, 1, 1) and (8a3 + 3a, 1, 3). It
is conjectured that Eq. (3) has no other solutions (x,m, n) when a > 1 and 4a2+ 1 is
a prime. In this paper, we solve this conjecture by proving the following theorem.
Theorem 1.2. Let a be a positive integer such that p = 4a2 + 1 is a prime number.
Then for a > 1 Eq. (3) has exactly two solutions (x,m, n) = (a, 1, 1) and (x,m, n) =
(8a3 + 3a, 1, 3), while for a = 1 Eq. (3) has exactly three solutions.
By Theorems 1.1 and 1.2, we have
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Corollary 1.1. Let D > 2 be an integer and let p be an odd prime not dividing D.
If (D, p) = (4, 5), (2, 5), then Eq. (2) has at most two solutions (x,m, n). Moreover,
both x2 + 4m = 5n and x2 + 2m = 5n have exactly three positive integer solutions
(x,m, n).
Thanks to Theorem 1.1, it sufﬁces to prove that Eq. (3) has no solution (x,m, n)
with a > 1 and 2|m. Using the result of Bilu et al. [3] and Voutier [11], i.e., the
existence of primitive prime factors of Lucas and Lehmer sequences, by computing of
Jacobi’s symbols, using elementary arguments, we derive our main theorem.
2. Preliminaries
Deﬁnition 2.1. A Lucas pair (resp., a Lehmer pair) is a pair of algebraic integers
(,) such that  +  and  (resp., ( + )2 and ) are non-zero coprime rational
integers and / is not a root of unity. For a given Lucas pair (,), one deﬁnes the
corresponding sequence of Lucas numbers by
un = un(,) = 
n − n
−  , n = 0, 1, 2, . . . .
For a given Lehmer pair (,), one deﬁnes the corresponding sequence of Lehmer
numbers by
u˜n = u˜n(,) =


n − n
−  if n is odd,
n − n
2 − 2 if n is even.
Deﬁnition 2.2. Let (,) be a Lucas (resp., Lehmer) pair. The prime number p is a
primitive divisor of the Lucas (resp., Lehmer) number un(,) (resp., u˜n(,)) if p
divides un(,) but does not divide (−)2u1 · · · un−1 (resp., if p divides u˜n but does
not divide (− )2u˜1 · · · u˜n−1).
The following deﬁnitive result was obtained by Bilu et al. [3].
Theorem BHV. For any integer n > 30, every nth term of any Lucas and Lehmer
sequence has a primitive divisor. Further, for any positive integer n30, all Lucas
sequences and all Lehmer sequences whose nth term has no primitive divisor are
explicitly determined.
For integers 5 < n30, Voutier [11] has given the complete list of Lucas sequences
and Lehmer sequences whose nth term has no primitive divisor, which we do not state
here.
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In the present paper, we shall be concerned only with the Lucas sequence
Un = 
n − n
− 
with  = 2a + i, = ¯ = 2a − i, where a is a positive integer. We will keep this
notation in the rest of the paper. By Theorem BHV and the complete list given by
Voutier [11], we have
Lemma 2.1. If n3, then Un has a primitive prime factor p and n|p − (−1p ), where
(m
n
) denotes Kronecker’s symbol.
Proof. The existence of the primitive prime factor p of Un is a direct consequence of
Theorem BHV and the complete list given by Voutier [11]. If (−1
p
) = 1, then p ≡
1 (mod 4). Since (2a+ i)p ≡ 2a+ ip ≡ 2a+ i (mod p) and (2a− i)p ≡ 2a− i (mod p),
it follows that
Up−1 = (2a + i)
p−1 − (2a − i)p−1
2i
= (2a + i)
p(2a − i)− (2a − i)p(2a + i)
2(4a2 + 1)i
≡ (2a + i)(2a − i)− (2a − i)(2a + i)
2(4a2 + 1)i ≡ 0 (mod p).
Therefore p|Un and p|Up−1, and hence p| gcd(Un,Up−1) = Ugcd(n,p−1). Recall that n
is the least positive integer with p|Un; we see that n|(p − 1).
The case of (−1
p
) = −1 is similar; we have n|p+ 1 in this case. This completes the
proof. 
Lemma 2.2. We have Un > 0 for all n < [2a].
Proof. Let  = 2a + i = √pei. Then 0 <  = arctan 12a < 12a . It follows that
0 < n < n · 12a < , if n < [2a]. Observe that
Un = 
n − ¯n
− ¯ = p
n−1
2
sin n
sin 
.
Our Lemma follows immediately. 
Lemma 2.3. Let n be a positive odd integer satisfying n < 2a. Assume that n is not
a square. Then there exists an odd integer m satisfying 0 < m < [2a], gcd(m, n) = 1
and ( n
m
) = 1.
Proof. If n is not a square and n ≡ 1 (mod 4), we let m be an odd quadratic non-residue
modulo n. Then we have ( n
m
) = (m
n
) = −1 and 0 < m < n, a contradiction.
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If n ≡ 3 (mod 4), then we take m = n− 2 when n ≡ 7 (mod 8), and s = n+ 4 when
n ≡ 3 (mod 8). An easy computation shows that ( n
m
) = −1, again a contradiction. This
completes the proof. 
Lemma 2.4. If 2|m, 2  | n and 2|a are positive integers satisfying (3a2+ 1)m/2 = ±Un
and n < 2a, then n ≡ 1 (mod 4) and 8|m.
Proof. By the assumptions and Lemma 2.2, we have
(3a2 + 1)m/2 = 
n − ¯n
− ¯ =
[n/2]∑
h=0
(
n
2h+ 1
)
(2a)n−2h−1 (−1)h. (4)
Considering (4) modulo 4, we obtain
1 ≡ (−1) n−12 (mod 4).
It follows that n ≡ 1 (mod 4). Now considering (4) modulo 4a2, we get
1+ 3a2 · m
2
≡ 1 (mod 4a2).
Therefore m ≡ 0 (mod 8). Lemma 2.4 is proved. 
Remark. We can strengthen the above lemma to obtain 16|m. However, the conclusion
8|m or even 4|m is enough for our purpose in this paper.
3. Calculation of Jacobi’s symbol ( Pn
Pm
)
Let m and n be coprime positive odd integers with 0 < m, n < [2√a]. As in
Eisenstein rule (see [10, formula (1)]), we write the following sequence of equalities:


n = 2k1m+ ε1r1, 0 < r1 < m,
m = 2k2r1 + ε2r2, 0 < r2 < r1,
r1 = 2k3r2 + ε3r3, 0 < r3 < r2,
· · · · · · · · · · · ·
rl−2 = 2kl−1rl−2 + εl−1rl−1, 0 < rl−1 < rl−2,
rl−1 = 2klrl−1 + εlrl, rl = 1,
εi = ±1, 2  | ri for i = 1, 2, . . . , l.
(5)
Then (see [10, formula (2)]) the following formula holds:
( n
m
)
= (−1)m−12 · ε1r1−12 + r1−12 · ε2r2−12 +···+ rl−2−12 · εl−1rl−1−12 + rl−1−12 · εl rl−12 . (6)
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Let b be a positive integer, and let
Pn = Pn(,) =


n − n
−  if n is odd,
n − n
2 − 2 if n is even,
where  = 2√b+ i and  = 2√b− i are roots of the trinomial x2−√Lx+M , L = 4b
and M = 4b + 1 are rational integers.
Essentially, the computation of the Jacobi’s symbol ( Pn
Pm
) in this section is that of
Rotkiewicz [10], where Rotkiewicz considered only the case of L − 4M > 0. In this
section, we observe that the computation of the Jacobi’s symbol ( Pn
Pm
) in [10] still
works when L − 4M < 0 under the condition that Pi > 0 for all 0 < i max(m, n).
We can prove the following lemmas by using the argument of Rotkiewicz [10].
Lemma 3.1 (Rotkiewicz [10] Lemma 1(a)). We have Pn ≡ n (mod 4).
Lemma 3.2 (Rotkiewicz [10] Lemma 2). Let m and n be coprime positive odd integers
with n = 2km+ εr, ε = ±1. Then
(
Pn
Pm
)
=
(
εPr
Pm
)(
M
Pm
)k+ ε−12
.
Lemma 3.3. Let m be a positive odd integer with 0 < m < [2√b]. Then
(
M
Pm
)
= 1.
Proof. By the same argument as in Lemma 2.2, we have Pm > 0, and so by Lemma 3
of Rotkiewicz [10] we get
(
M
Pm
)
=
(
L
M
)m−1
2 =
(
4b
4b + 1
)m−1
2 = 1.
Lemma 3.3 is proved. 
Now we come to the main theorem of this section.
Theorem 3.1. Let m and n be coprime positive odd integers with 0 < m, n < [2√b].
Then
(
Pn
Pm
)
=
( n
m
)
.
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Proof. From Eq. (5), Lemmas 3.2 and 3.3, it follows that
(
Pn
Pm
)
=
(
ε1Pr1
Pm
)
,
(
Pm
Pr1
)
=
(
ε2Pr2
Pr1
)
,
(
Pr1
Pr2
)
=
(
ε3Pr3
Pr2
)
,
· · · · · · · · · (7)
(
Prl−3
Prl−2
)
=
(
εl−1Prl−1
Prl−2
)
,
(
Prl−2
Prl−1
)
=
(
εlPrl
Prl−1
)
.
Since
(a
b
)
= (−1) a−12 · b−12 + sgna−12 · sgnb−12 ·
(
b
a
)
,
( a
b
) = ( a|b| ) for odd ab, Pn > 0, Pm > 0, Prl = 1 and Pri > 0 for i = 1, 2, . . . , l, it
follows from formula (7) and Lemma 3.1 that
(
Pn
Pm
)
=
(
ε1Pr1
Pm
)
= (−1) Pm−12 · ε1Pr1−12 ·
(
Pm
Pr1
)
= (−1) Pm−12 · ε1Pr1−12 (−1) Pr1−12 · ε2Pr2−12 ·
(
Pr1
Pr2
)
= (−1) Pm−12 · ε1Pr1−12 + Pr1−12 · ε2Pr2−12 +···+
Prl−2−1
2 ·
εl−1Prl−1−1
2 +
Prl−1−1
2 ·
εlPrl
−1
2
= (−1)m−12 · ε1r1−12 + r1−12 · ε2r2−12 +···+ rl−2−12 · εl−1rl−1−12 + rl−1−12 · εl rl−12
=
( n
m
)
.
Theorem 3.1 is proved. 
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4. Proof of Theorem 1.2
Proof of Theorem 1.2. Suppose that Eq. (3) has a solution (x,m, n) with 2|m. By
Lemma 2.1 of Bugeaud and Shorey [5] and the fact that p = 4a2 + 1 is a prime, we
have
(3a2 + 1)m/2 = ±
n + ¯n
2
(8)
or
(3a2 + 1)m/2 = ±
n − ¯n
− ¯ , (9)
where  = 2a+i, ¯ = 2a−i. If a is odd, then 2|(3a2+1). It follows that 2a|(3a2+1)m/2
by (8) or (9), which in turn implies that a = 1 since gcd(a, 3a2 + 1) = 1. Therefore,
from now on we may assume that a is even. We divide the remaining proof into two
cases.
Case I: Eq. (8) holds. Noting that gcd(3a2 + 1, 2a) = 1 and 2a|n+¯n2 if 2  | n, we
obtain 2|n. Now, by (8) we have
(3a2 + 1)m/2 = ±(−1)n/2
{
1−
(
n
2
)
4a2 ± · · ·
}
. (10)
By the same argument as in the proof of Lemma 2.4, we conclude that 8|m from (10),
and so 2||n by the well-known fact that equation x4−y4 = z2 has no integer solutions
(x, y, z) with xyz = 0 (see [7]). Observe that gcd(4a2−1, 3a2+1)|7, 2+¯22 = 4a2−1
and 2+¯22 |
n+¯n
2 for 2||n. But, now (4a2 − 1)|(3a2 + 1)m/2 implies that 4a2 − 1 = 7s
for some positive integer s, which is impossible.
Case II: Eq. (9) holds. In this case, we have 2  | n, otherwise
4a = U2|Un = (3a2 + 1)m/2,
which is impossible.
First we assume that n is an odd prime. If n2a and Un has two distinct primitive
prime factors p1 and p2, p1 < p2, then p12a − 1 and p22a + 1 by Lemma 2.1,
and so
4a2 − 1p1p2, p1p2|(3a2 + 1),
which is absurd. If n2a and Un has only one primitive prime factor p, then ps =
3a2 + 1, and so p = 3a2 + 1 since ps = 3a2 + 1 is impossible for s > 1 (see [5]).
Observe that (−1
p
) = 1. Then by Lemma 2.1 again we have n|(p − 1) = 3a2 and so
n < 2a, a contradiction.
152 P. Yuan, Y. Hu / Journal of Number Theory 111 (2005) 144–153
Now we assume that n is a composite. Let q be its largest prime factor and q||n, >
0. If q2a, then both Uq and Un have primitive prime factors p1 and p2 with
p12a − 1 and p22a + 1, and so
4a2 − 1p1p2, p1p2|(3a2 + 1),
which is impossible. On the other hand,
Un = Uq · 
n − ¯n
q − ¯q , (11)
q  |Uq (q|Uq implies that q|(+2i)−(−2i), which is impossible), gcd(Uq, Un/Uq)|n
and any prime factor of Uq is a primitive prime factor which is greater than q, whence
gcd(Uq, Un/Uq) = 1. It follows from (9) and (11) that
Uq = zm/2
for some positive integer z.
Summing up, we arrive at the conclusion that there is a prime factor q of n with
q < 2a and
Uq = zm/2. (12)
Now by (9) and Lemma 2.4 we get 8|m. Applying Theorem 3.1 with b = a2, n = q
and m = s, by Lemma 2.3, we have
(
Uq
Us
)
=
(q
s
)
(13)
for all s with 0 < s < [2a] and gcd(s, q) = 1. Consequently, by (12) and (13), we
get
1 =
(q
s
)
for all s with 0 < s < [2a] and gcd(s, q) = 1. It follows that q is a square by
Lemma 2.3, which is impossible. By Lemma 2.1, it is easy to see that equation x2 +
4m = 5n has exactly three positive integer solutions (x,m, n) = (1, 1, 1), (11, 1, 3) and
(3, 2, 2). The proof is complete. 
Remark. We can derive similar results for the general equation x2 +Dm = pn when
2|m under suitable assumptions.
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